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Abstract
This paper shows that the multiplicity of the base points locus of a projective
rational surface parametrization can be expressed as the degree of the content
of a univariate resultant. As a consequence, we get a new proof of the degree
formula relating the degree of the surface, the degree of the parametrization,
the base points multiplicity, and the degree of the rational map induced by the
parametrization. In addition, we extend both formulas to the case of dominant
rational maps of the projective plane and describe how the base point loci of
a parametrization and its reparametrizations are related. As an application of
these results, we explore how the degree of a surface reparametrization is affected
by the presence of base points.
Keywords: Base point, Hilbert-Samuel multiplicity, surface parametrization, reparame-
trization, parametrization degree, surface degree.
1 Introduction
Let X,Y be irreducible projective varieties of the same dimension, and consider a
dominant rational map Φ = (Φ1 : · · · : Φm) : X 99K Y, where the Φi are homogeneous
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polynomials of the same degree and gcd(Φ1, . . . ,Φm) = 1. The base points of Φ are the
elements in the subvariety of X where Φ is not defined; that is, the projective variety
defined by {Φ1, . . . ,Φm}. In our case, since we are mainly interested in projective
rational parametrizations, X is the whole projective space; i.e., X = Pn. If n = 1, then
Y is a curve and Φ does not have base points. For the surface case, i.e., n = 2, the
base point subvariety is either empty or zero-dimensional. If n > 2, the dimension of
base point locus can be positive.
Base points play an important role in the analysis of unirational varieties, since the
explanation of many degenerate behaviours are often based on them. Some examples
are, for instance, the study of the degree of a rational surface by means of the degree
of the polynomials in its rational parametrizations (see e.g. [9, 13, 18, 19, 25, 27]),
or the surjective cover of a surface by means of the images of finitely many rational
parametrizations (see e.g. [4, 21, 22]). As a consequence, many authors have studied
base points (see e.g. [1, 5, 16, 20, 25]).
In this paper, we deal with the problem of properly counting the number of base
points of projective rational surface parametrizations. This question has been treated
by many authors. In [9], the problem is addressed for birational triangular parametriza-
tions, and in [27] the case of tensor product surfaces is established; see also, [13] and
[25]. In addition, [18] introduces the notion of blow up of the base locus, and referring
to [6] presents a formula for the case of a birational parametrization. To our knowl-
edge, the first general answer to the problem, in the sense of requiring no additional
hypothesis such as the birationality of the parametrization or any particular structure
of the parametrization, appears in [8], where the degree formula is proved using Segre
classes from Fulton’s book [11]. Another proof that applies Be´zouts Theorem to two
generic linear combinations of the polynomials in the parametrization and uses reduc-
tion ideals to relate this to the Hilbert-Samuel multiplicity of the base points appears
in an unpublished lecture of the first author [10].
In this paper, also without assuming additional hypotheses, we present a formula
that relates the multiplicity of the base point locus with the content of a univariate
resultant (see Theorems 1 and 2). Furthermore, as a consequence of this relationship,
we present an elementary proof of the degree formula (see Theorem 3) relating the
degree of the surface, the degree of the parametrization, the multiplicity of the base
locus and the cardinality of the generic fiber of the parametrization. The proof in this
paper was found independently of any previous work. Our methods are based on the
intersection theory of curves in combination with well-known results from elimination
theory, especially the properties of resultants (see [23] and [24]).
The usual definition of the multiplicity of the base point locus uses Hilbert-Samuel
multiplicities, which can be challenging to compute individually. In Corollary 2, we
provide a simple computational method to determine the sum of these multiplicities.
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Finally, we also state similar formulas for the case of rational maps between the
projective plane (see Theorems 5, 6 and 7). Moreover, as a consequence, we study the
variation of the base locus under reparametrizations (see Theorems 9, 11) as well as
the behavior of the parametrization degree under reparametrizations (see Theorems 9
and 10 as well as Corollary 10).
For this purpose, in Section 2 we associate to the given parametrization two plane
projective curves, defined over the algebraic closure of a transcendental field extension
of the ground field (see (2.2) and (2.5)). Our definition of multiplicity is tailored to our
needs and gives a good notion of the multiplicity of the base locus. In Proposition 1
and Corollary 1, we show that this agrees with the usual definition via Hilbert-Samuel
multiplicity. Our definition enables us to express the multiplicity of the base locus in
terms of the content (w.r.t. the introduced transcendental elements) of the resultant
of the two polynomials defining the curves (see Theorem 1). In a second step, we
show that the curves can be simplified by introducing fewer transcendentals in the
field extension (see (2.7)), so that for almost all projective transformations the content
of the resultant of these two new curves also yields the multiplicity of the base locus
(see Theorem 2). From here, we carefully analyze the primitive part of the resultant
of the new curves and relate it to the degree of the surface and the cardinality of the
generic fiber of the parametrization (see Lemma 2). Then the degree formula stated in
Theorem 3 follows immediately.
In Section 3, we show how the results in Section 2 can be adapted to dominant
rational maps from P2 onto P2 (see Theorems 5, 6 and 7). Finally, in Section 4,
we study the behaviour of the base loci of two parametrizations of the same surface,
when one is the reparametrization of the other; see Theorems 9, 10 and 11 as well
as Corollaries 9 and 10. In addition, we apply the results developed in Section 4 to
study how the degree of a parametrization varies under the presence of base points.
More precisely, let P,Q be curve parametrizations related by P = Q ◦S, where S is a
non-constant rational function. Then deg(P) = deg(Q) deg(S). However, for surface
parametrizations, this equality is not true in general. In this paper a characterization
of the equality is given when P, Q are surface parameterizations and S is a dominant
rational map of P2. We show how this characterization is directly related with the
base points of Q and S (see Theorem 9). Furthermore, we prove that the degree of the
composition decreases, i.e., deg(P) < deg(Q) deg(S), if and only if a certain polynomial
gcd is non-trivial, a fact that can be geometrically interpreted by asking a base point
of Q to be in the image of a curve via the rational map S. We conclude that if Q has
no base points, then deg(P) = deg(Q) deg(S) (see Corollary 10).
The paper concludes with an appendix that explains how the proof of the degree
formula given in Theorem 3 relates to the unpublished argument sketched in [10].
Notation. Throughout this paper, we will use the following notation:
• K is an algebraically closed field of characteristic zero.
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• For a rational map
M : Pk1(K) 99K Pk2(K)
t = (t1 : · · · : tk1+1) 7−→ (M1(t) : · · · :Mk2+1(t)),
where the non-zero Mi are homogenous polynomial in t of the same degree, we
denote by deg(M) the degree degt(Mi), for Mi non-zero, and by degMap(M)
the degree of the map M; that is, the cardinality of the generic fiber of M (see
e.g. [12]).
• Let f ∈ L[t1, t2, t3] be homogeneous and non-zero, where L is a field extension of
K. Then C (f) denotes the projective plane curve defined by f over the algebraic
closure of L.
• G (Pk(K)) denotes the set of all projective transformations of Pk(K), and
G (Pk(K))∗ denotes the set of those transformations in G (Pk(K)) whose matrix
representation is of the form (
A 0T
0 1
)
,
where 0 = (0, . . . , 0).
2 Formula for rational surface parametrizations
In this section, we consider a projective rational surface S ⊂ P3(K) and a rational
parametrization of S , namely,
P : P2(K) 99K S ⊂ P3(K)
t 7−→ (p1(t) : · · · : p4(t)),
(2.1)
where t = (t1, t2, t3) and the pi are homogenous polynomials of the same degree such
that gcd(p1, . . . , p4) = 1. We assume that p4 is not zero.
We will deal with the multiplicity of intersection of curves by means of resultants.
For this purpose, in the sequel, we will assume that (0 : 0 : 1) 6∈ C (pi) for all
i ∈ {1, . . . , 4}.
The two hypotheses imposed above are technicalities for our reasoning. We will see
in Remark 2 that the final formula in Theorem 3 is also true when they do not hold.
Definition 1. A base point of P is an element A ∈ P2(K) such that P(A) = 0. We
denote by B(P) the set of base points of P.
We observe that B(P) consists of the intersection points of the projective plane
curves C (pi). That is,
B(P) =
4⋂
i=1
C (pi).
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Note that B(P) is either empty or finite since gcd(p1, . . . , p4) = 1.
We introduce the following auxiliary polynomials:
W1(x, t) :=
∑4
i=1 xi pi(t1, t2, t3)
W2(y, t) :=
∑4
i=1 yi pi(t1, t2, t3),
(2.2)
where xi, yi are new variables. We will work with the projective plane curves C (Wi) in
P2(F), where F is algebraic closure of K(x, y). In this situation, we have the following
notion.
Definition 2. We define the multiplicity of a base point A ∈ B(P) as
multA(C (W1),C (W2)), that is, as the multiplicity of intersection at A of C (W1) and
C (W2).
In addition, we define the multiplicity of the base points locus of P, denoted
mult(B(P)), as
mult(B(P)) :=
∑
A∈B(P)
multA(C (W1),C (W2)). (2.3)
A base point A also has the Hilbert-Samuel multiplicity e(IA, RA) (see [3, 4.6]), where
IA := 〈p˜1, p˜2, p˜3, p˜4〉 ⊂ RA = OP2(K),A (2.4)
and p˜i is a local equation of pi near A. This agrees with the multiplicity defined in
Definition 2, as we now show.
Proposition 1. For A ∈ B(P), we have e(IA, RA) = multA(C (W1),C (W2)).
Proof. Recall that we have the field extension K ⊂ F. Since W1 and W2 are defined
over the larger field F, Definition 2 implies that
multA(C (W1),C (W2)) = dimFOP2(F),A/〈W˜1, W˜2〉,
where W˜i is a local equation of Wi near A. In contrast, e(IA, RA) is defined over the
base field K. Since OP2(K),A has dimension 2, the Hilbert-Samuel multiplicity satisfies
dimKRA/I
d+1
A =
1
2
e(IA, RA)d
2 + terms of lower degree in d
for d ≫ 0 by the proof of Proposition 4.6.2(b) in [3]. Over the larger field F, we also
have the Hilbert-Samuel multiplicity e(IA,F, RA,F), where
IA,F := 〈p˜1, p˜2, p˜3, p˜4〉 ⊂ RA,F := OP2(F),A.
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Let us show that these Hilbert-Samuel multiplicities are equal. The key point is that
for A ∈ P2(K) ⊂ P2(F), IA,F and RA,F are obtained from (2.4) by tensoring with F. It
follows easily that
dimFRA,F/I
d+1
A,F = dimKRA/I
d+1
A ,
from which we conclude that e(IA,F, RA,F) = e(IA, RA). Hence the proposition will
follow once we prove
e(IA,F, RA,F) = dimFRA,F/〈W˜1, W˜2〉.
By Theorem A.1 of [2], we know that if S1 and S2 are generic linear combinations
of p1, . . . , p4 over F, then
e(IA,F, RA,F) = e(〈S˜1, S˜2〉, RA,F).
The proof uses the theory of reduction ideals developed in [3, 4.6]. The field F contains
x1, . . . , x4, y1, . . . , y4 ∈ F that are algebraically independent over K. These give generic
linear combinations W1 and W2, so that
e(IA,F, RA,F) = e(〈W˜1, W˜2〉, RA,F).
Since W˜1, W˜2 form a regular sequence (this follows from the proof of Lemma 2 below),
we can use to the well-known fact that for a complete intersection, the Hilbert-Samuel
multiplicity is easy to compute:
e(〈W˜1, W˜2〉, RA,F) = dimFRA,F/〈W˜1, W˜2〉.
The proposition follows.
Corollary 1. mult(B(P)) =
∑
A∈B(P) e(IA, RA).
In [3, p. 189], Bruns and Herzog note that computing Hilbert-Samuel multiplicities
“may be a painful and often impossible task.” In the sequel, we will see how the sum
of Hilbert-Samuel multiplicities in Corollary 1, when reinterpreted via (2.3), can be
computed by means of a simple resultant.
For this purpose, for L ∈ G (P3(K)), we introduce the polynomials
WL1 (x, t) :=
∑4
i=1 xi Li(P(t)) ∈ K(x, y)[t]
WL2 (y, t) :=
∑4
i=1 yi Li(P(t)) ∈ K(x, y)[t].
(2.5)
Note that Wi = W
Id
i , where Id is the identity map. In the next proposition, we study
some properties of these polynomials in relation with the base points.
Proposition 2. If L ∈ G (P3(K)), then:
1. C (WL1 ),C (W
L
2 ) have no common components.
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2. If P,Q ∈ C (WL1 ) ∩ C (W
L
2 ) are colinear with (0 : 0 : 1) and P ∈ P
2(K), then
Q ∈ P2(K).
3. B(P) = C (WL1 ) ∩ C (W
L
2 ) ∩ P
2(K).
4. If A ∈ B(P), then
mult(A,C (WL1 )) = mult(A,C (W
L
2 )) = min{mult(A,C (pi)) | i = 1, . . . , 4}.
5. If A ∈ B(P), then the tangents to C (WL1 ) at A (similarly to C (W
L
2 )), with the
corresponding multiplicities, are the factors in K[x, t] \K[x] of
ǫ1x1T1 + ǫ2x2T2 + ǫ3x3T3 + ǫ4x4T4,
where Ti is the product of the tangents, counted with multiplicities, of C (Li(P))
at A, and where ǫi = 1 if mult(A,C (Li(P)))) = min{mult(A,C (Li(P))) | i =
1, . . . , 4} and 0 otherwise.
Proof. Without loss of generality, we may assume that L is indeed the identity map,
and hence it is enough to prove the result for W1,W2.
(1) If the two curves share a component, then 1 6= B := gcd(W1,W2) ∈ K[t]. Then B
divides gcd(p1, . . . , p4) = 1, a contradiction.
(2) Let F be the algebraic closure of K(x, y). Suppose that Q ∈ P2(F) \ P2(K). The
line L passing through P = (λ : µ : ρ) and (0 : 0 : 1) is λt2 = µt1, with λ, µ ∈ K. We
assume w.l.o.g. that µ 6= 0 and hence L is of the form t1 = γt2 for some γ ∈ K. If Q is
at infinity, i.e., Q = (a : b : 0), then since a = γb, we have Q = (γ : 1 : 0) ∈ P2(K). So
we can assume that Q is affine. Consider the polynomials Ai(t2, t3) :=Wi(γt2 : t2 : t3).
Since Q ∈ C (W1) ∩L , Q can be expressed as
Q = (γα : α : 1)
where α is a root of A1; note that α is in the algebraic closure of K(x). Similarly, since
Q ∈ C (W2) ∩L , then Q is also expressible as
Q = (γβ : β : 1)
where β is a root of A2; note that β is in the algebraic closure of K(y). Therefore,
α = β is a root of gcd(W1,W2) ∈ K[t2, t3]. So Q ∈ P
2(K).
(3) Let A ∈ B(P). Then, clearly A ∈ P2(K). Moreover, pi(A) = 0, i = 1, . . . , 4.
So, W1(A) = 0 = W2(A). Therefore, A ∈ C (W1) ∩ C (W2) ∩ P
2(K). Conversely, if
A ∈ C (W1) ∩ C (W2) ∩ P
2(K), then, since A ∈ P2(K), we get pi(A) = 0 for all i, and
hence A ∈ B(P).
(4) Changing coordinates, we may assume that A = (0 : 0 : 1). Then pi can be
expressed as
pi(t) =Mi,nP (t1, t2) + · · ·+Mi,nP−ℓi(t1, t2)t
ℓi
3 ,
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where Mi,k is homogeneous of degree k, ℓi := mult(A,C (pi)), and nP := deg(P) =
deg(pi). Moreover, W
L
1 can be expressed as (similarly for W
L
2 )
WL1 = NnP (x, y, t1, t2) + · · ·+NnP−ℓ(x, y, t1, t2) t
ℓ
3,
where Nk is {t1, t2}-homogeneous of degree k and ℓ = min{ℓ1, ℓ2, ℓ3}. Indeed, if we
define Mi,j = 0 if j < nP − ℓi, then
NnP−ℓ(x, y, t1, t2) = x1M1,nP−ℓ + x2M2,nP−ℓ + x3M3,nP−ℓ + x4M4,nP−ℓ. (2.6)
From here, the result follows.
(5) For L being the identity and A = (0 : 0 : 1), the result follows from (2.6). Now,
the general case follows by taking into account how tangents change via a projective
transformation and using the fact that multiplicities are preserved.
Taking into account Proposition 2 (1), (2), and the relation between resultants and
the multiplicity of intersections (see Chapter IV, Section 5 in [24]), we get the next
theorem which relates the multiplicity of the base locus with resultants.
Theorem 1. For every L ∈ G (P3(K)), we have
mult(B(P)) = degt(Content{x,y}(Rest3(W
L
1 ,W
L
2 ))).
Proof. By hypothesis, (0 : 0 : 1) 6∈ C (WLi ) for i = 1, 2. By Proposition 2 (2), any
intersection point in P2(F) colinear with (0 : 0 : 1) and a base point lies in P2(K) and
hence is a base point by Proposition 2 (3). Since the curves do not share components
by Proposition 2 (1), the result follows from Theorem 5.3 of [24, p. 111].
In the second part of the section, we will show that for almost all projective trans-
formations, the multiplicity of intersection of the base points locus can be achieved by
a simplified version of the curves C (WLi ). More precisely, consider the polynomials
KL1 (x, t) := W
L
1 (x4, 0, 0,−x1, t) = x4L1(P)− x1L4(P) ∈ K(x)[t]
KL2 (x, t) := W
L
2 (0, 0, x4,−x3, t) = x4L3(P)− x3L4(P) ∈ K(x)[t],
(2.7)
where L = (L1 : · · · : L4) ∈ G (P
3(K)). We start with a technical lemma that relates
Rest3(K
L
1 , K
L
2 ) 6= 0 to the resultant Rest3(W
L
1 ,W
L
2 ) when L lies in a suitably chosen
open subset of G (P3(K))⋆ ( G (P3(K)) (see the notation in Section 1).
Lemma 1. Let A = (x4, 0, 0,−x1, 0, 0, x4,−x3, t1, t2). Then there exists a non-empty
Zariski open subset Ω of G (P3(K))⋆ such that for every L ∈ Ω, we have
1. Rest3(W
L
1 ,W
L
2 )(A) = Rest3(K
L
1 , K
L
2 ) 6= 0.
2. Primpartx(Rest3(W
L
1 ,W
L
2 )(A)) = Primpartx(Rest3(K
L
1 , K
L
2 )).
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3. Contentx(Rest3(W
L
1 ,W
L
2 )(A)) = Contentx(Rest3(K
L
1 , K
L
2 )).
4. degt(Primpart{x,y}(Rest3(W
L
1 ,W
L
2 ))) = degt(Primpartx(Rest3(K
L
1 , K
L
2 ))).
5. degt(Content{x,y}(Rest3(W
L
1 ,W
L
2 ))) = degt(Contentx(Rest3(K
L
1 , K
L
2 ))).
Proof. Let L(u1, . . . , u4) = (L1 : L2 : L3 : u4) be a generic element of G (P
3(K))⋆; that
is, Li = zi,1u1 + zi,2u2 + zi,3u3, where zi,j are undetermined coefficients satisfying that
the determinant of the corresponding matrix is not zero. Let z = (z1,1, . . . , z3,3). We
introduce some notation:
• WL1 :=
∑4
i=1 xiLi(P), W
L
2 :=
∑4
i=1 yiLi(P), see (2.5).
• KL1 := x4L1(P)− x1L4(P), K
L
2 := x4L3(P)− x3L4(P), see (2.7).
• X := (X1, . . . ,X4) are new variables; similarly for Y. Let W˜1 := W1(X, t), see
(2.2); similarly for W˜2.
• RL(z, x, y, t1, t2) := Rest3(W
L
1 ,W
L
2 ), S
L(z, x, t1, t2) := Rest3(K
L
1 , K
L
2 ).
• T (X,Y, t1, t2) := Rest3(W˜1, W˜2).
• A1 := (x4, 0, 0,−x1, t1, t2), and A2 := (0, 0, x4,−x3, t1, t2).
• T := (x4z1,1, x4z1,2, x4z1,3,−x1, x4z3,1, x4z3,2, x4z3,3,−x3, t1, t2).
• For L ∈ G (P3(K))⋆, we denote by zL the coefficient list of L. In addition, we
denote by T L the tuple T specialized at the coefficients of L.
We now prove statement (1). First observe that for L ∈ G (P3(K))⋆, the summands
x4p4 ofW
L
1 and x1p4 ofK
L
1 do not depend on L. It follows that degt3(K
L
1 ) = degt3(W
L
1 ),
and degt3(K
L
2 ) = degt3(W
L
2 ) holds similarly. Since K
L
1 = W
L
1 (A1) and K
L
2 = W
L
2 (A2),
we can apply Lemma 4.3.1 in [26, p. 96] on the specialization of resultants to obtain
Rest3(W
L
1 ,W
L
2 )(A) = Rest3(W
L
1 (A1),W
L
2 (A2)) = Rest3(K
L
1 , K
L
2 ),
proving the first part of statement (1). However, to ensure that the resultant is non-
zero, we need to put some restrictions on L ∈ G (P3(K))⋆. We construct a non-empty
open subset Ω1 ⊂ G (P
3(K))⋆ as follows. Consider
G1(z, t1, t2) := Rest3(L1(P), p4) ∈ K[z, t1, t2].
Let us show that G1 6= 0. Indeed, if G1 = 0, then gcd(z1,1p1 + z1,2p2 + z1,3p3, p4) 6= 1.
Since p4 ∈ K[t], this gcd divides p1, p2, p3, p4, which contradicts gcd(p1, . . . , p4) = 1.
Then define B1(z) to be any non-zero coefficient of G1 w.r.t. {t1, t2}.
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Similarly, consider
G2(z, t1, t2) := Rest3(L3(P), p4) ∈ K[z, t1, t2],
and reasoning as above shows that G2 6= 0. Let B2(z) be any non-zero coefficient of
G2 w.r.t. {t1, t2}. Then define Ω1 as
Ω1 = {L ∈ G (P
3(K))⋆ | B1(z
L)B2(z
L) 6= 0}. (2.8)
It follows that gcd(L1(P), L4(P)) = gcd(L3(P), L4(P))) = 1 for all L ∈ Ω1.
Now suppose Rest3(K
L
1 , K
L
2 ) = 0 for some L ∈ Ω1. Then K
L
1 = x4L1(P)−x1L4(P)
and KL2 = x4L3(P) − x3L4(P) have a non-trivial common factor which must divide
L1(P), L3(P) and L4(P). This is impossible since L ∈ Ω1, and statement (1) is proved.
Statements (2) and (3) now follow when L ∈ Ω1 since Rest3(K
L
1 , K
L
2 ) 6= 0. For
statements (4) and (5), our arguments will require that we shrink Ω1 slightly. This will
lead to the open subset Ω in the statement of the lemma.
Before actually constructing Ω, we need some preliminary work that will be useful
below. Let LCt3 denote the leading coefficient w.r.t. t3. Since pi(0, 0, 1) 6= 0, we know
that degt3(p1) = · · · = degt3(p4) = deg(P). Then
A∗1(z, x, t1, t2) := LCt3(W
L
1 ) =
(∑3
i=1 xi
∑3
j=1 zi,jLCt3(pi)
)
+ x4LCt3(p4),
A∗2(z, y, t1, t2) := LCt3(W
L
2 ) =
(∑3
i=1 yi
∑3
j=1 zi,jLCt3(pi)
)
+ y4LCt3(p4).
(2.9)
So A∗1(z,A1) 6= 0 and A
∗
2(z,A2) 6= 0. Moreover, we observe that for all L ∈ G (P
3(K))⋆,
we have LCt3(W
L
1 ) 6= 0 since it contains the summand x4LCt3(p4) that does not depend
on zL; similarly LCt3(W
L
2 ) 6= 0. Then using the behaviour of the resultant under a ring
homomorphism (see [26, Lemma 4.3.1]), we obtain
RL(zL, x, y, t1, t2) = Rest3(W
L
1 ,W
L
2 ). (2.10)
Analogous reasoning applied to KLi yields
SL(zL, x, t1, t2) = Rest3(K
L
1 , K
L
2 ). (2.11)
On the other hand, a direct algebraic manipulation shows that W˜i(T ) = K
L
i , and
similarly as above one gets
T (T ) = SL(z, x, t1, t2). (2.12)
Let us now construct Ω. For this purpose, we introduce the polynomials A1, A2, A3
as follows.
Definition of A1. By Proposition 2 (3), we know that T 6= 0. Let us show that R
L 6= 0.
Indeed, if it is zero, then B := gcd(WL1 ,W
L
2 ) 6= 1. Thus B divides x1L1(P)+x2L2(P)+
x3L3(P) + x4p4 and y1L1(P) + y2L2(P) + y3L3(P) + y4p4. So, B divides p4 and also
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divides Li(P) for i ∈ {1, 2, 3}. In particular B ∈ K[t] and B divides
∑3
i=1 z1,ipi. That
is, B also divides p1, p2, p3. Hence B divides gcd(p1 . . . , p4) = 1, a contradiction.
Now factor T as product of the content and the primitive part w.r.t.
{X,Y}, and RL as product of the content and the primitive part w.r.t. {x, y}.
This gives T (X,Y, t1, t2) = C
∗(t1, t2)M
∗(X,Y, t1, t2) and R
L(z, x, y, t1, t2) =
C(z, t1, t2)M(z, x, y, t1, t2). Taking L as the identity in Theorem 1, and using Propo-
sition 2 (3), we see that C∗ is the factor generated by the base points with the corre-
sponding multiplicities of intersection. Moreover, the same argument applies to C for
L generic in G (P3(K))⋆, namely L. Therefore, if B(t1, t2) is the factor coming from
the based points, then C∗ = B and C = NB for some N ∈ K[z, t1, t2]. Let us show
that N ∈ K[z]. Indeed, by Theorem 1, degt(B) = mult(B(P)). Now suppose that N
depends on {t1, t2}. Then taking L such that N(z
L, t1, t2) is non-constant, by (2.10),
degt(Content{x,y}(Rest3(W
L
1 ,W
L
2 ))) > degt(B) = mult(B(P)), which contradicts The-
orem 1. So we have
T (X,Y, t1, t2) = B(t1, t2)M
∗(X,Y, t1, t2)
RL(z, x, y, t1, t2) = N(z)B(t1, t2)M(z, x, y, t1, t2).
(2.13)
We define the polynomial A1 as follows using M
∗(T ). Observe that since by definition
M∗(X,Y, t1, t2) is primitive w.r.t. {X,Y}, M
∗(T ) is primitive w.r.t. {x, z}. Therefore
the resultant
E(x, z, t1) = Rest2(M
∗(T ), B(t1, t2))
is non-zero. Since E is homogeneous w.r.t. t1, E is of the form E = D(x, z)t
m
1 for some
m ∈ N, with D 6= 0. Let e(z) be a non-zero coefficient of D w.r.t. x. In this situation,
we define A1(z) = N(z) e(z).
Definition of A2. Let M be as in (2.13). Let us show that M(z,A) 6= 0. Indeed, if
M(z,A) = 0, then RL(z,A) = 0. Using the behaviour of the resultant under a ring
homomorphism (see [26, Lemma 4.3.1]), we have
0 = RL(z,A) = LCt3(W
L
1 )(z,A1)
β Rest3(W
L
1 (z,A1),W
L
2 (z,A2)).
for β = |degt3(W
L
1 (z,A1))−degt3(W
L
2 (z,A2))|. As noted above, LCt3(W
L
1 )(z,A1) 6= 0,
and hence Rest3(W
L
1 (z,A1),W
L
2 (z,A2)) = 0. Thus gcd(W
L
1 (z,A1),W
L
2 (z,A2)) 6= 1,
i.e., x4L1(P)− x1L4(P) and x4L3(P)− x3L4(P) have a common factor. Reasoning as
above, this factor divides gcd(p1, . . . , p4) = 1, a contradiction.
Let Q(z, x) be a non-zero coefficient of M(z,A) w.r.t. {t1, t2}. We define the poly-
nomial A2(z) to be any non-zero coefficient of Q w.r.t. x.
Definition of A3. Consider the resultant (see (2.13))
G(x, z, t1) = Rest2(M(z, x, y, t1, t2), B(t1, t2)).
G 6= 0 because M is primitive w.r.t. {x, y}. Since G is homogeneous w.r.t. t1, we have
G = D∗(z, x, y)tm1 for some m ∈ N, and some D
∗ ∈ K[z, x, y] \ {0}. Let g(z) be a
non-zero coefficient of D∗ w.r.t. {x, y}. In this situation, we define A3(z) = g(z).
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We define Ω to consist of those projective transformations L ∈ Ω1 from (2.8) such
that A1(z
L) · A2(z
L) · A3(z
L) 6= 0. Let us prove that statements (4) and (5) of the
lemma hold for L ∈ Ω. We begin with the following equalities:
N(zL)B(t1, t2)M(z
L,A) = RL(zL,A) see (2.13)
= Rest3(W
L
1 ,W
L
2 )(A) see (2.10)
= Rest3(K
L
1 , K
L
2 ) see statement (1)
= SL(zL, x, t1, t3) see (2.11)
= T (T L) see (2.12)
= B(t1, t2)M
∗(T L). see (2.13)
Therefore, since A1(z
L) 6= 0, we have N(zL) 6= 0 and hence M(zL,A) = M∗(T L) up to
multiplication by a non-zero field element. Furthermore, since e(zL) 6= 0, we see that
M∗(T L) is primitive w.r.t. x, and thus M(zL,A) also. In this situation, using (2.10)
and (2.13) we obtain
Rest3(W
L
1 ,W
L
2 )(A) = N(z
L)B(t1, t2)M(z
L,A).
Moreover, since M(zL,A) is primitive w.r.t. x we get
Primpartx(Rest3(W
L
1 ,W
L
2 )(A)) = M(z
L,A). (2.14)
On the other hand, applying (2.11), (2.12) and (2.13), we have
B(t1, t2)M
∗(T L) = T (T L) = Rest3(K
L
1 , K
L
2 ),
and since M∗(T L) is primitive w.r.t. x, we get
Primpartx(Rest3(K
L
1 , K
L
2 )) = M
∗(T L). (2.15)
By statement (2), we have M(zL,A) =M∗(T L), so
degt(Primpartx(Rest3(K
L
1 , K
L
2 ))) = degt(M(z
L,A)). (2.16)
Furthermore, since A2(z
L) 6= 0, we have degt(M(z
L,A)) = degt(M(z,A)). On the
other hand, we have seen above that M(z,A) 6= 0. So, since M(z, x, y, t1, t2) is homo-
geneous w.r.t. {t1, t2}, we have degt(M(z,A)) = degt(M(z, x, y, t1, t2)). Finally, since
A3(z
L) 6= 0, we get thatM(zL, x, y, t1, t2) is primitive w.r.t. {x, y}, and hence, by (2.10)
and (2.13), we have
Primpart{x,y}(Rest3(W
L
1 ,W
L
2 )) =M(z
L, x, y, t1, t2). (2.17)
Moreover, note that M is non-zero, primitive w.r.t. {x, y}, and homogeneous w.r.t. t.
Thus, degt(M(z
L, x, y, t1, t2)) = degt(M(z, x, y, t1, t2)). Therefore
degt(Primpartx(Rest3(K
L
1 , K
L
2 ))) = degt(M(z
L,A)) see (2.16)
= degt(M(z, x, y, t1, t2)) A2(z
L) 6= 0
= degt(M(z, x, y, t1, t2)) see above
= degt(Primpartx,y(Rest3(W
L
1 ,W
L
2 ))). see (2.17)
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So (4) follows. Finally, (5) follows from (4) and the fact that both resultants have the
same degree w.r.t. t.
As a consequence of these lemmas, we get the following theorem that can be seen
as more efficient version of the resultant-based formula in Theorem 1.
Theorem 2. Let Ω be the open set introduced in Lemma 1. If L ∈ Ω, then
mult(B(P)) = degt(Contentx(Rest3(K
L
1 , K
L
2 ))).
Proof. By Theorem 1, it is enough to prove that
degt(Content{x,y}(Rest3(W
L
1 ,W
L
2 ))) = degt(Contentx(Rest3(K
L
1 , K
L
2 ))).
And this is a consequence of Lemma 1.
Theorems 1 and 2 and Proposition 1 imply the following result about the Hilbert-
Samuel multiplicity of the base points.
Corollary 2. Assume the notation of Theorems 1 and 2. Then:
1. For every L ∈ G (P3(K)), we have∑
A∈B(P)
e(IA, RA) = degt(Content{x,y}(Rest3(W
L
1 ,W
L
2 ))).
2. For every L in the open set Ω from Lemma 1, we have∑
A∈B(P)
e(IA, RA) = degt(Contentx(Rest3(K
L
1 , K
L
2 ))).
Remark 1. Corollary 2 provides the promised resultant-based algorithm to compute
the sum of the Hilbert-Samuel multiplicities e(IA, RA) for A ∈ B(P).
Example 1. We consider the surface S introduced in [10] parametrized by
P(t) := (p1 : · · · : p4) = (t
2
2t3 + t
3
1 : t
2
1t3 + t
3
2 : t1t2t3 : t
2
2t3).
Let us illustrate how to compute mult(B(P)) by means of resultants. First of all, since
(0 : 0 : 1) belongs to C (pi), we apply a projective transformation. For instance, we
replace P(t) by P(t1 + t3, t2 + t3, t3). In this situation, applying Corollary 2, we see
that the sum of the Hilbert-Samuel multiplicities of the base points is given by
degt(Content{x,y}(Rest3(W
L
1 ,W
L
2 ))) = degt(t
4
1 − 4t
3
1t2 + 6t
2
1t
2
2 − 4t1t
3
2 + t
4
2) = 4.
In fact, this parametrization has (0 : 0 : 1) as its unique base point, necessarily of
multiplicity 4. But the above calculation was done without knowing anything about
the number of base points or their individual multiplicities.
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In the next lemma we relate the degree of the primitive part of the resultant to the
degree of the surface defined by P and by the degree of the rational map induced by
P (see notation in Section 1). Note that degMap(P) can be computed using [14].
Lemma 2. There exists a non-empty Zariski open subset Ω′ of G (P3(K))⋆ such that
for every L ∈ Ω′, we have
degt(Primpart{x}(Rest3(K
L
1 , K
L
2 ))) = deg(S ) degMap(P),
where S is the surface parametrized by P.
Proof. We use the notation introduced in the proof of Lemma 1. In particular, let
L = (L1 : · · · : L4) be a generic element of G (P
3(K))⋆. We construct Ω′ as the
intersection of open subsets Ω1,Ω2,Ω3.
Definition of Ω1. This is the subset Ω1 defined in (2.8). Recall that for L ∈ Ω1, we have
gcd(L1(P), L4(P)) = gcd(L3(P), L4(P))) = 1.
Definition of Ω2. We want Ω2 such that if L = (L1 : · · · : L4) ∈ Ω2 ⊂ G (P
3(K))⋆, then
the gradients {∇(L1(P)(t1, t2, 1)/L4(P)(t1, t2, 1)), ∇(L3(P)(t1, t2, 1)/L4(P)(t1, t2, 1))}
are linearly independent as vectors in K(t)2. Recall that p4 6= 0 by hypothesis.
Since P parametrizes a surface, there exist two different indexes in {1, 2, 3}, say
w.l.o.g. 1 and 2, such that ∇ (p1(t1, t2, 1)/p4(t1, t2, 1)), ∇ (p2(t1, t2, 1)/p4(t1, t2, 1)) are
linearly independent.
For j ∈ {1, 3}, we introduce the gradient vectors
vj(z, t1, t2) = (vj,1, vj,2) := ∇
(
Lj(P)(t1, t2, 1)
L4(P)(t1, t2, 1)
)
=
3∑
i=1
zj,i∇
(
pi(t1, t2, 1)
p4(t1, t2, 1)
)
as well as the matrix
∆ =
(
v1,1(z, t1, t2) v1,2(z, t1, t2)
v3,1(z, t1, t2) v3,2(z, t1, t2)
)
.
We observe that det(∆) 6= 0 because specializing vj at z = (1, 0, 0, 0), 0, (0, 1, 0, 0) gives
∇ (p1(t1, t2, 1)/p4(t1, t2, 1)) and ∇ (p2(t1, t2, 1)/p4(t1, t2, 1)), which are linearly indepen-
dent by hypothesis. Let A3(z) be any non-zero coefficient of det(∆) w.r.t. {t1, t2}. We
define Ω2 as
Ω2 = {L ∈ G (P
3(K))⋆ |A3(z
L) 6= 0}.
Definition of Ω3. We take Ω3 as the open subset of G (P
3(K))⋆ such that if
F (u1, u2, u3, u4) = 0 is the implicit equation of the surface parametrized by P, and
L ∈ G (P3(K))⋆, then F (L(u1, u2, u3, u4)) does not vanish at (0 : 1 : 0 : 0). Note that
this means that the total degree, and the partial degree w.r.t. u2, of F (L(u1, u2, u3, u4))
are the same.
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In this situation, we define Ω = Ω1 ∩ Ω2 ∩ Ω3. We observe that for L ∈ Ω, the
parametrization L(P) satisfies the general hypotheses in [15, p. 120]. Namely, no
component of L(P) vanishes at (0 : 0 : 1) and it is (1, 3)-settled (this terminology is
defined in [15, p. 120]). Therefore, by Theorem 6 of [15], using our notation,
degx2(S
L) =
degt(Primpartx(Rest3(K
L
1 , K
L
2 )))
degMap(L(P))
,
where S L denote the surface parametrized by L(P). Now the result follows by taking
into account that since L ∈ Ω3, degx2(S ) is the degree of the surface parametrized by
L(P), that is, degx2(S
L) = deg(S ). Moreover, degMap(L(P)) = degMap(P) since
L ∈ G (P3(K)).
As a consequence of the previous lemmas, we have the following degree formula
relating degrees and base point locus multiplicity (see notation in Section 1).
Theorem 3. mult(B(P)) = deg(P)2 − deg(S ) · degMap(P).
Proof. Let L ∈ Ω ∩ Ω′, where Ω is from Lemma 1 (and Theorem 2) and Ω′ is from
Lemma 2. Since p4(0, 0, 1) 6= 0 and L ∈ G (P
3(K))⋆, we know that degt3(K
L
i ) =
deg(L(P)) = deg(P). Then
Rest3(K
L
1 , K
L
2 )︸ ︷︷ ︸
The degree
is deg(P)2
= Contentx(Rest3(K
L
1 , K
L
2 ))︸ ︷︷ ︸
By Theorem 2, the
degree is mult(B(P))
·Primpartx(Rest3(K
L
1 , K
L
2 ))︸ ︷︷ ︸
By Lemma 2, the degree
is deg(S )degMap(P)
,
where “degree” means the degree in {t1, t2}.
When we combine this theorem with Proposition 1, we get a new proof of the
well-known degree formula (compare with [8]).
Corollary 3. deg(S ) · degMap(P) = deg(P)2 −
∑
A∈B(P) e(IA, RA).
Example 2. Consider the surface S parametrized by
P(t) = (p1 : · · · : p4) = (t
2
2t3 + t
3
1 : t
2
1t3 + t
3
2 : t1t2t3 : t
2
2t3)
from Example 1, where we computed that mult(B(P)) = 4. One may also check that
deg(P) = 3, deg(S ) = 5 and degMap(P) = 1 (using results from [14]). Thus
mult(B(P)) = 4 = 32 − 5 · 1 = deg(P)2 − deg(S ) · degMap(P),
as predicted by Theorem 3.
Applying Theorems 1, 2 and 3, and Lemma 2, we get the following resultant-based
formula for the degree of the implicit equation of the surface S .
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Theorem 4.
1. For every L ∈ G (P3(K)), we have
deg(S ) =
deg(P)2 − degt(Content{x,y}(Rest3(W
L
1 ,W
L
2 )))
degMap(P)
.
=
degt(Primpart{x}(Rest3(W
L
1 ,W
L
2 )))
degMap(P)
.
2. For every L in the open set Ω introduced in Lemma 1, we have
deg(S ) =
deg(P)2 − degt(Content{x}(Rest3(K
L
1 , K
L
2 )))
degMap(P)
=
degt(Primpart{x}(Rest3(K
L
1 , K
L
2 )))
degMap(P)
.
Remark 2. At the beginning of this section, we imposed two main hypotheses, namely,
that (0 : 0 : 1) 6∈ C (pi) for all i and that p4 6= 0. The first hypothesis was used to
relate mult(B(P)) with the resultant, and the second was used in Lemma 2 to allow
the dehomogenization w.r.t. the fourth parametrization component. Let us show that
the formula in Theorem 3 is still valid in both cases. If the first hypothesis fails, we can
apply a projective transformation ℓ(t) such that P∗(t) = P(ℓ(t)) satisfies the condition.
In this situation, observe that deg(P∗) = deg(P) that mult(B(P)) = mult(B(P∗)),
and that degMap(P∗) = degMap(ℓ) degMap(P) = degMap(P). Therefore, since the
formula holds for P∗ it also holds for P.
On the other hand, if p4 = 0, we can simply take L ∈ G (P
3(K)) such that L(P)
satisfies the hypothesis. Now, the reasoning is as in the previous paragraph.
The following corollaries are direct consequences of Theorem 3. We observe that
Corollary 4 improves the formulae given in Theorem 1 in [17].
Corollary 4. deg(P) ≥
√
deg(S ) degMap(P) ≥
√
deg(S ).
Corollary 5. If P is birational, then deg(P)2 −mult(B(P)) = deg(S ).
Corollary 6. A rational surface whose degree is not the square of a natural number
cannot be birationally parametrized without base points in P2(K).
We observe that although the presence of base points might be inevitable (see
Corollary 6), one may reparametrize so that they are all on a line, in particular on the
line at infinity (see Theorem 4.1 of [22]).
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3 Rational maps of P2(K)
In this section, we analyze the base points of rational maps P2(K) 99K P2(K) and adapt
the results in the previous section to this case. To begin, let
S : P2(K) 99K P2(K)
t = (t1 : t2 : t3) 7−→ S(t) = (s1(t) : s2(t) : s3(t)),
(3.1)
where gcd(s1, s2, s3) = 1, be a dominant rational transformation of P
2(K) and let
degMap(S) denote the degree of the map S. Similarly, as in Section 2, we assume
that (0 : 0 : 1) 6∈ C (si) for i = 1, 2, 3. Later in Remark 3, we will see that our results
hold even when this hypothesis is not satisfied.
Definition 3. We say that A ∈ P2(K) is a base point of S(t) if s1(A) = s2(A) =
s3(A) = 0. That is, the base points of S are the intersection points of the projective
plane curves, C (si), defined over K by si(t), i = 1, 2, 3. Let us denote by B(S) the set
of base points of S; i.e., B(S) = C (s1) ∩ C (s2) ∩ C (s3).
First we introduce the polynomials
V1 =
∑3
i=1 xi si(t) ∈ K(x, y)[t]
V2 =
∑3
i=1 yi si(t) ∈ K(x, y)[t],
(3.2)
where xi, yj are new variables; compare with (2.2). Then, as we did in Section 2, we
have the following notion of multiplicity.
Definition 4. For A ∈ B(S), we define the multiplicity of intersection of A as
multA(C (V1),C (V2)).
In addition, we define the multiplicity of the base points locus of S, denoted
mult(B(S)), as
mult(B(S)) :=
∑
A∈B(S)
multA(C (V1),C (V2))
For every L ∈ G (P2(K)) (see the notation in Section 1) we introduce the polynomials
(compare with (2.5))
V L1 =
∑3
i=1 xi Li(S) ∈ K(x, y)[t]
V L2 =
∑3
i=1 yi Li(S) ∈ K(x, y)[t],
(3.3)
In this situation, Proposition 2 extends naturally to the case of the map S, and
hence the following theorem holds (compare with Theorem 1).
Theorem 5. If L ∈ G (P2(K)), then
mult(B(S)) = degt(Content{x,y}(Rest3(V
L
1 , V
L
2 ))).
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For L ∈ G (P2(K)), we consider the polynomials (compare with (2.7))
JL1 (x, t) = V
L
1 (x3, 0,−x1, t) = x3L1(S)− x1L3(S) ∈ K(x)[t],
JL2 (x, t) = V
L
2 (0, x3,−x2, t) = x3L2(S)− x2L3(S) ∈ K(x)[t].
(3.4)
Similar to Section 3, the corresponding versions of Lemma 1 and Theorem 2 hold. We
state here the version of Theorem 2 for S.
Theorem 6. There exists a non-empty open subset ΩS of G (P
2(K)) such that for
L ∈ ΩS , we have
mult(B(S)) = degt(Contentx(Rest3(J
L
1 , J
L
2 ))).
The results in the last part of Section 2 involve surface parametrizations in P3(K).
In order to apply these results to a map S as in (3.1), we consider the map
PS : P2(K) 99K S S ⊂ P3(K)
t 7−→ (s1(t) : s2(t) : s2(t) : s3(t))
(3.5)
We observe that the rank of the Jacobian of S is 2, and hence the rank of the Jacobian
of PS is also 2. Therefore, S S is a surface. Moreover, since si(0, 0, 1) 6= 0 for all
i ∈ {1, 2, 3}, none of the curves defined by the components of PS passes through
(0 : 0 : 1) either. Also note that S S is not the plane u4 = 0; rather, S
S is the plane
u2 = u3. So P
S satisfies the hypotheses required in Section 2. In addition, we clearly
have degMap(S) = degMap(PS).
Next lemma relates the multiplicities of the base point loci B(S) and B(PS).
Lemma 3. B(S) = B(PS) and mult(B(S)) = mult(B(PS)).
Proof. The first assertion is obvious since S = (s1, s2, s3) and P
S = (s1, s2, s2, s3). For
the second, first note that the analog of Proposition 1 holds for S, so that mult(B(S)) is
the sum of the Hilbert-Samuel multiplicities of the base points for the ideal generated
S. Since S and PS give the same ideal, this equals the sum of the Hilbert-Samuel
multiplicities of the base points for the ideal generated by PS . Hence the sum is
mult(B(PS)) by Proposition 1.
In this situation, we can adapt Lemma 2 and Theorem 3 to the case of the map S
as follows.
Theorem 7.
1. mult(B(S)) = deg(S)2 − degMap(S).
2. There exists a non-empty Zariski open subset Ω′S of G (P
2(K)) such that for every
L ∈ Ω′S , we have
degt(Primpart{x}(Rest3(J
L
1 , J
L
2 ))) = degMap(S)
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Proof. Observe that deg(PS) = deg(S) and degMap(PS) = degMap(S). Since PS
parametrizes the plane u2 = u3 in P
3, the image surface S S has deg(S S) = 1. Hence
degMap(S) = 1 · degMap(PS)
= deg(PS)2 −mult(B(PS)) (see Theorem 3)
= deg(S)2 −mult(B(S)) (see Lemma 3).
This proves statement (1).
For (2), assume for the moment that we have a non-empty open subset Ω4 of
G (P2(K)) such that degt(J
L
1 ) = degt(J
L
2 ) = deg(S) for all L ∈ Ω4. Set Ω
′
S = Ω4 ∩ ΩS ,
where ΩS is from Theorem 6.
Now take L ∈ Ω′S . Then Theorem 6 allows us to rewrite statement (1) in the form
degMap(S) = deg(S)2 − degt(Content{x,y}(Rest3(J
L
1 , J
L
2 ))).
However, we have the factorization
Rest3(J
L
1 , J
L
2 ) = Content{x,y}(Rest3(J
L
1 , J
L
2 )) · Primpart{x}(Rest3(J
L
1 , J
L
2 )).
This resultant has degree deg(S)2 w.r.t. t since L ∈ Ω4, and statement (2) follows.
It remains to construct Ω4. Let L = (L1 : L2 : L3) be a generic projective transfor-
mation; that is, Li = zi,1t1+zi,2t2+zi,3t3, where zi,j are undetermined coefficients satis-
fying that the determinant of the corresponding matrix is not zero. Since si(0, 0, 1) 6= 0
for all i, arguing as in the proof of Lemma 1, we obtain
LCt3(J
L
1 ) = x3
3∑
j=1
z1,jLCt3(si)− x1
3∑
j=1
z3,jLCt3(si)
LCt3(J
L
2 ) = x3
3∑
j=1
z2,jLCt3(si)− x2
3∑
j=1
z3,jLCt3(si)
(compare with (2.9)). If we set A1(z) :=
∑3
j=1 z3,jLCt3(si), then the desired Ω4 consists
of all L ∈ G (P2(K)) such that A1(z
L) 6= 0 (zL is defined in the proof of Lemma 1).
Applying Theorems 5, 6 and 7, we get the following resultant-based formula which
is the corresponding version of Theorem 4.
Theorem 8.
1. If L ∈ G (P2(K)), then
1 =
deg(S)2 − degt(Content{x,y}(Rest3(V
L
1 , V
L
2 )))
degMap(S)
.
=
degt(Primpart{x}(Rest3(V
L
1 , V
L
2 )))
degMap(S)
.
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2. For every L in the open set Ω′S defined in Theorem 7, we have
1 =
deg(S)2 − degt(Content{x}(Rest3(J
L
1 , J
L
2 )))
degMap(S)
=
degt(Primpart{x}(Rest3(J
L
1 , J
L
2 )))
degMap(S)
.
Since a birational map of P2(K) has degMap(S) = 1, we get the following corollaries.
Corollary 7. If S is birational, then mult(B(S)) = deg(S)2 − 1.
Corollary 8. Every non-linear birational transformation of P2(K) has base points.
Remark 3. At the beginning of this section, we required that (0 : 0 : 1) 6∈ C (si)
for i = 1, 2, 3. Reasoning as in Remark 2, we get that since the formula holds for
S∗(t) = S(ℓ(t)) (ℓ(t) is a projective transformation), it also holds for S.
In the last part of this section, we discuss an additional property satisfied by bi-
rational transformations of P2(K). This property is related with the rationality of the
curves C (JL1 ) and C (J
L
2 ).
Lemma 4. There exists a non-empty Zariski open subset Ω′′S of G (P
2(K)) such that
for every L ∈ Ω, C (JLi ) is irreducible.
Proof. Let L = (L1 : L2 : L3) be a generic projective transformation as in the proof
of Theorem 7 and set zi = (zi,1, zi,2, zi,3). Let Ai(zi) be the leading coefficient of Li(S)
w.r.t. t3. Now set R
L(z1, z3, t1, t2) := Rest3(L1(S),L3(S)) ∈ K[z1, z3, t1, t2]. If R
L = 0,
then L1(S),L3(S) have a common factor B. Arguing as in the proof of Lemma 1,
B ∈ K[t]. So, in particular, B divides L1(S), and hence B divides gcd(s1, s2, s3),
a contradiction. Therefore RL is non-zero. Then let M1(z1, z3) be the gcd of all
coefficients of RL w.r.t. {t1, t2}. Repeating the same argument for L2(S) and L3(S),
we get a polynomial M2(z2, z3).
In this situation, let Ω′′S consists of all projective transformations whose coefficients
are not zeros of A1 · A2 · A3 ·M1 ·M2. If L ∈ Ω
′′
S , then J
L
1 and J
L
2 are irreducible.
Indeed, if JL1 is reducible, then gcd(L1(S), L3(S)) 6= 1. Moreover, since A1 and A3 do
not vanish, Rest3(L1(S), L3(S)) specializes properly. Thus, R
L(z1, z3, t1, t2) vanishes,
and hence M1 also vanishes, a contradiction. Similar reasoning shows that J
L
2 is also
irreducible.
Example 3. Consider the classical Cremona transform S(t) = (t2t3, t1t3, t1t2). It has
base points {(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1)} and deg(S) = 2. Since S is birational,
Theorem 7 implies
mult(B(S)) = 22 − 1 = 3.
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Hence base point has multiplicity 1. Also notice that the polynomials
J1(x, t) = x3(t2t3)− x1(t1t2) = t2(x3t3 − x1t1)
J2(x, t) = x3(t1t3)− x2(t1t2) = t1(x3t3 − x2t2)
are not irreducible. This explains why the open set Ω′′S is needed in Lemma 4.
Proposition 3. Let S be a birational map of P2(K) and Ω′′S be the open subset from
Lemma 4. Assume L ∈ Ω′′S and let R
L = R ◦ L−1 = (rL1 : r
L
2 : r
L
3 ) be the inverse of
L ◦ S. Then we have:
1. C (JL1 ) is rational and can be parametrized by
J1(h1, h2) = (j1,1(x1, x3, h1, h2) : j1,2(x1, x3, h1, h2) : j1,3(x1, x3, h1, h2)),
where j1,i(x1, x3, h1, h2) is the homogenization of r
L
i (x1, h1, x3) as polynomial in
K[x][h1].
2. C (JL2 ) is rational and can be parametrized by
J2(h1, h2) = (j2,1(x2, x3, h1, h2) : j2,2(x2, x3, h1, h2) : j2,3(x2, x3, h1, h2)),
where j2,i(x2, x3, h1, h2) is the homogenization of r
L
i (h1, x2, x3) as polynomial in
K[x][h1].
Proof. Since the JLi are irreducible polynomials (see Lemma 4) and R
L is the inverse
of L ◦ S, we have JLi (Ji(h1, h2)) = 0. This proves (1) and (2).
A natural question is whether the curves C (KLi ) in P
3(F) (see (2.7)), when P is
birational, are also rational. However, in general, this is not true. For instance, consider
P(t) = (t31 − t1t2t3 − t
3
3 : t2t
2
3 − t
3
1 − 5t
3
3 : t
3
1 − t
2
2t3 − t
2
1t3 + 4t
3
3 : t
3
1 − t2t
2
3 − t
3
3).
One may check that degMap(P) = 1 (use [14]), mult(B(P)) = 3 and deg(S ) = 6
(check that the formula in Theorem 3 holds). However, there exists a non-empty open
Zariski subset Ω of G (P3(K)) such that for every L ∈ Ω, the curves C (KL1 ) and C (K
L
2 )
have genus 1.
4 Behaviour of base points under composition
In this section, we analyze the relation between the base loci of two differ-
ent parametrizations of the same surface under the assumption that one is the
reparametrization of the other. More precisely, in the sequel we fix a surface S ⊂
P3(K), as well as two rational parametrization of S , namely P and Q. Moreover, we
assume that there exists a rational map S of P2(K) such that P = Q ◦ S. Note that
21
if Q is birational then S always exists; indeed, in that case, S = Q−1 ◦ P. In this
situation, our goal is to relate mult(B(P)),mult(B(S)), and mult(B(Q)).
To begin, let Q(t) = (q1 : · · · : q4), S(t) = (s1 : s2 : s3) where gcd(q1, . . . , q4) =
gcd(s1, s2, s3) = 1. Also set pi(t) = qi(s1(t), s2(t), s3(t)). Here is a first result.
Proposition 4.
1. deg(P) ≤ deg(Q) deg(S).
2. mult(B(P)) ≤ deg(S)2mult(B(Q)) + deg(S ) degMap(Q)mult(B(S)).
Proof. For (1), note that deg(pi) = deg(Q) deg(S). Then the desired inequality follows
since P is obtained from the pi after dividing out by gcd(p1, p2, p3, p4).
For (2), Theorems 3 and 7 imply
deg(P)2 = mult(B(P)) + deg(S ) degMap(P)
deg(Q)2deg(S)2 =
(
mult(B(Q)) + deg(S ) degMap(Q)
)(
mult(B(S)) + degMap(S)
)
.
Since degMap(P) = degMap(Q) degMap(S), it follows that
deg(P)2 − deg(Q)2deg(S)2 = mult(B(P))−
(
mult(B(Q))mult(B(S)) +
mult(B(Q)) degMap(S) +
deg(S ) degMap(Q)mult(B(S))
)
= mult(B(P))−
(
deg(S)2mult(B(Q)) +
deg(S ) degMap(Q)mult(B(S))
)
,
(4.1)
where the last equality uses deg(S)2 = mult(B(S)) + degMap(S) by Theorem 7. By
(1), the left-hand side is non-positive, so the same is true for the right-hand side.
In the following theorem, we characterize when the inequalities in Proposition 4 are
equalities.
Theorem 9. The following statements are equivalent:
1. gcd(p1, p2, p3, p4) = 1.
2. deg(P) = deg(Q) deg(S).
3. mult(B(P)) = deg(S)2mult(B(Q)) + deg(S ) degMap(Q)mult(B(S)).
Proof. 1⇔ 2. This follows from the proof of statement (1) of Proposition 4.
2⇔ 3. This is an immediate consequence of (4.1).
The following corollary follows directly from the previous result.
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Corollary 9. If gcd(p1, . . . , p4) = 1, then we have:
1. B(Q) = ∅ if and only if mult(B(P)) = deg(S ) degMap(Q)mult(B(S)).
2. If B(Q) = ∅ and Q is birational, then mult(B(P)) = deg(S )mult(B(S)).
3. B(P) = ∅ if and only if B(Q) = ∅ = B(S).
Theorem 10. If B(Q) = ∅, then gcd(p1, p2, p3, p4) = 1.
Proof. Assume that a non-constant polynomial h(t) ∈ K[t] divides pi for all i. Then
h divides qi(s1, s2, s3) for all i, so that for each a ∈ C (h), qi(s1(a), s2(a), s3(a)) = 0
for all i. But C (s1) ∩ C (s2) ∩ C (s3) is finite since gcd(s1, s2, s3) = 1. It follows that
C (h) \ (C (s1) ∩ C (s2) ∩ C (s3)) 6= ∅. Let a ∈ C (h) \ (C (s1) ∩ C (s2) ∩ C (s3)). Then
(s1(a), s2(a), s3(a)) ∈ P
2(K) and hence is a base point of Q, a contradiction.
Theorems 9 and 10 have the following nice corollary.
Corollary 10. If B(Q) = ∅, then deg(P) = deg(Q) deg(S).
Remark 4. The converse of Theorem 10 is not true.
Example 4. Consider the parametrization from Examples 1 and 2, which we write as
Q(t) = (t22t3 + t
3
1 : t
2
1t3 + t
3
2 : t1t2t3 : t
2
2t3).
We know that deg(Q) = 3, degMap(Q) = 1, deg(S ) = 5 and mult(B(Q)) = 4.
If S(t) = (t2t2, t1t3, t1t2) is the Cremona transform from Example 3, then the
reparametrization P = Q ◦ S is given by
P(t) = (t31t2(t
2
3 + t
2
2) : t1t
2
3(t
3
2 + t
2
1t3) : t
2
1t
2
2t
2
3 : t
3
1t2t
2
3)
= (t21t2(t
2
3 + t
2
2) : t
2
3(t
3
2 + t
2
1t3) : t1t
2
2t
2
3 : t
2
1t2t
2
3),
where the second line factors out the common factor t1. Thus deg(P) = 5 < 3 · 2 =
deg(Q) deg(S). Furthermore,
mult(B(P)) = deg(P)2 − deg(S ) degMap(P ) = 52 − 5 · 1 = 20
deg(S)2mult(B(Q)) + deg(S ) degMap(Q)mult(B(S)) = 22 · 4 + 5 · 1 · 3 = 31.
This shows that when B(Q) 6= ∅, the inequalities in Proposition 4 can be strict.
The next theorem extends Corollary 9 (1) using the curves from (2.7) and (3.4).
Theorem 11. If B(Q) = ∅, then mult(B(P)) = deg(S ) degMap(Q)mult(B(S)).
Furthermore,
Content{x}(Rest3(K
LP
1 , K
LP
2 )) = Content{x}(Rest3(J
LS
1 , J
LS
2 ))
deg(S ) degMap(Q).
where LP belongs to the open set introduced in Theorem 2 and LS belongs to the open
set introduced in Theorem 6.
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Proof. By Corollary 9 (1), mult(B(P)) = deg(S ) degMap(Q)mult(B(S)). Now let
us prove that RP = R
deg(S ) degMap(Q)
S , where
RP(t1, t2) := Content{x}(Rest3(K
LP
1 , K
LP
2 ))
RS(t1, t2) := Content{x}(Rest3(J
LS
1 , J
LS
2 )).
Indeed, by Theorems 2 and Theorem 6, we know that degt(RP) = mult(B(P)) and
degt(RS) = mult(B(S)). On the other hand, recall that pi = qi(s1, s2, s3) for i =
1, . . . , 4. Reasoning as in the proof of Theorem 10, we see that every base point of P
is a base point of S (remember that mult(B(Q)) = 0). Furthermore, it is clear that
every base point of S is a base point of P (qi(0, 0, 0) = 0). Then RP = R
α
S for some
exponent α, and since mult(B(P)) = deg(S ) degMap(Q)mult(B(S)), we conclude
that RP = R
deg(S ) degMap(Q)
S .
A Some underlying algebra and geometry
In this appendix, we discuss the algebra and geometry behind Theorem 3, which we
write in the form
deg(P)2 = mult(B(P)) + deg(S ) · degMap(P). (A.1)
Our approach in this appendix, based on [10], is intuitive and non-rigorous.
The polynomials W1 and W2 defined in (2.2) are linear combinations of the
parametrization P = (p1, . . . , p4) with coefficients given by new variables x1, . . . , x4
and y1, . . . , y4. For the time being, we will regard the xi and yi as generic elements of
the base field K. Later in the discussion, they will resume their role as independent
variables.
With this convention, W1 and W2 define curves in P
2(K). By Be´zout’s Theorem,
their points of intersection, counted with multiplicity, add up to deg(P)2. This is the
left-hand side of (A.1).
Intersection points of the curves C (W1) and C (W2) come in two flavours:
• The pi all vanish at the base points B(P), so the same is true for W1 and W2.
Hence C (W1) and C (W2) always intersect at the base points. These are always
the same, no matter how we choose xi and yi.
• The remaining points in C (W1) ∩ C (W2) depend on the choice of xi and yi.
Let us explain how these two flavours contribute the right-hand side of (A.1):
• In the notation of Proposition 1, a base point A ∈ B(P) contributes
dimKRA/〈W˜1, W˜2〉 to Be´zout’s Theorem. As noted in the proof, this equals
the Hilbert-Samuel multiplicity e(IA, RA). Summing these up, we see that the
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base points contribute mult(B(P)) to Be´zout’s Theorem, which explains the first
summand on the right-hand side of (A.1).
The key point here is that to compute e(IA, RA), we replace IA with a reduction
ideal (see [3, 4.6]). Since RA has dimension two, the reduction ideal is generated
by two generic linear combinations of the generators of IA. From the point of
view of commutative algebra, this explains why we work with W1 and W2.
• For the remaining points of intersection, consider the surface S parametrized
by P. Its degree deg(S ) is the number of points where a generic line inter-
sects S . This line is the intersection of two generic planes H1 and H2. For
homogeneous coordinates u1, . . . , u4 of P
3(K), we can let H1 = C (
∑4
i=1 xiui) and
H2 = C (
∑4
i=1 yiui) since xi and yi are generic. Via the parametrization P, the
curves H1∩S and H2∩S on S pull back to C (W1) and C (W2) in P
2(K). From
the point of view of geometry, this explains why we work with W1 and W2.
Since H1 ∩ H2 is generic, we can assume that H1 ∩ H2 meets S transversely
at deg(S ) smooth points of S and that degMap(P) points of P2(K) map to
each point of H1 ∩H2 ∩S . This gives deg(S ) · degMap(P) points of P
2(K), all
contained in C (W1)∩C (W2) by our choice of H1 and H2. Genericity implies that
P is e´tale at these points (i.e., the Jacobian has maximal rank). When combined
with transversality, it follows that each point contributes 1 to Be´zout’s Theorem.
This explains the second summand on the right-hand side of (A.1).
It remains to explain how this relates to the resultants that appear in the body of
the paper. We begin with the proof of Be´zout’s Theorem from [7, Chapter 8, §7]. A
coordinate change L ∈ G (P3(K)) gives the polynomials WL1 ,W
L
2 from (2.5). The basic
idea of the proof is that if L is sufficiently generic, then the resultant Rest3(W
L
1 ,W
L
2 ) is
a homogeneous polynomial in t1, t2 whose irreducible factors correspond to the points
of intersection and whose exponents give the corresponding multiplicities. Since the
resultant has degree deg(P)2, this proves Be´zout’s Theorem.
So far, x = (x1, . . . , x4) and y = (y1, . . . , y4) have been generic elements of K.
But now let them return to being independent variables. Then Rest3(W
L
1 ,W
L
2 ) is a
polynomial in t1, t2, x, y. Thinking in terms of x, y, we have a factorization
Rest3(W
L
1 ,W
L
2 ) = Content{x,y}(Rest3(W
L
1 ,W
L
2 )) · Primpart{x,y}(Rest3(W
L
1 ,W
L
2 )).
The first factor is polynomial in t1, t2 only, while the second also depends on x, y.
Recall that when the curves intersect, the base points give intersection points that are
independent of x, y. Since the resultant takes multiplicities into account, this suggests
that
mult(B(P)) = degt(Content{x,y}(Rest3(W
L
1 ,W
L
2 ))),
which is proved in Theorem 1 for any L ∈ G (P3(K)).
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To complete the proof of the degree formula (A.1), it remains to show that
deg(S ) · degMap(P) = degt(Primpart{x,y}(Rest3(W
L
1 ,W
L
2 ))),
This is more challenging, since the line H1 ∩H2 has to be chosen carefully to meet the
surface S transversely. In the body of the paper, we do this in two steps. The first is
the substitution
(x1, x2, x3, x4, y1, y2, y3, y4)→ (x4, 0, 0,−x1, 0, 0, x4,−x3),
which turns W1,W2 into K1, K2. The second step applies a carefully chosen L ∈
G (P3(K)) that does not affect the content and provides the needed transversality. The
result is
Rest3(K
L
1 , K
L
2 )︸ ︷︷ ︸
The degree
is deg(P)2
= Contentx(Rest3(K
L
1 , K
L
2 ))︸ ︷︷ ︸
By Theorem 2, the
degree is mult(B(P))
·Primpartx(Rest3(K
L
1 , K
L
2 ))︸ ︷︷ ︸
By Lemma 2, the degree
is deg(S )degMap(P)
,
where “degree” means “degree in t”. Notice how the careful choice of L ∈ G (P3(K))
described in Lemma 2 involves the gradients needed to prove transversality.
It follows that the proof of (A.1) given in Theorem 3 is consistent with the argument
from [10] sketched in this appendix, though the proof of Theorem 3 was discovered
independently.
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